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1 Introduction
This paper considers a multi-sectoral endogenous growth model, that is able
to reproduce the most important aspects of an “ICT-based economy”, in
which a central role is played by human capital accumulation. Indeed, one
of the aspects of the so-called “new economy” is that human capital can be
of great importance, since education is crucial in acquiring the knowledge
necessary to use the new technologies, and at the same time an increase
in ICT makes it easier to accumulate human capital. For these reasons
it is important to derive a model that captures these aspects, and the one
considered here in particular extends the model proposed in a previous paper
(Mattalia, 2002), and introduces the choice of the households to invest in
human capital, by devoting a fraction of time to schooling activity. This
human capital accumulation then turns out to be the true engine of growth
of the model, that therefore has important differences with respect to the
one presented in the previous work. Furthermore, in this case the analysis
shows that the growth rate of output doesn’t depend neither on the absolute
dimension of the economy nor on the population growth, hence the model
has the important property according to which it doesn’t display any scale
effect.
Numerical simulations can then be implemented in order to study the
short run behavior of the economy in different situations, and in this way it
is possible to obtain important results with reference to two aspects. On the
one hand, a positive relationship between market power and growth emerges:
when the economy is characterized by an increase in the monopoly power
(that is a reduction in the competitivity of the system), a higher growth rate
of output arises. On the other hand, “imbalance effects” arise with reference
to some variables (in particular the ratio between physical and human capi-
tal, the ratio between physical capital and R&D expenditure and the ratio
between human capital and R&D expenditure): when the initial value of
these variables is different from the steady state value (in particular, lower)
the growth rate of the economy is higher than the rate we have in correspon-
dence of the steady state value of the variables considered. This is of interest,
for instance, with reference to the behavior of an underdeveloped economy,
that initially has an amount of human capital or of investment in R&D lower
than the optimal one.
Finally, some extensions of the model are considered, introducing the
notion of “broad output” (following Barro and Sala-i-Martin, 1995) and con-
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sidering different types of subsidies that can be introduced (on R&D, on
physical capital accumulation, on human capital accumulation). The results
are that, also when the more general notion of broad output is considered,
imbalance effects are present, and that, contrary to the other types of subsi-
dies, the introduction of subsidies on human capital accumulation has (in the
short run) a positive effect on growth. A further extension considers the pro-
ductivity of human capital as a function of technological progress, in order
to establish a link between human capital accumulation and technological
progress (that is typical of ICT, since new technologies can allow people to
be more educated), and also in this case the presence of imbalance effects is
confirmed.
The model presented here builds on Romer (1990) and Boucekkine and
de la Croix (2003) for the general structure, but departs from them in some
respects. In particular, the R&D sector assumes the “lab-equipment” speci-
fication (Rivera-Batiz and Romer, 1991), and a human capital accumulation
activity of the kind introduced by Lucas (1988) is considered. The reason is
that, together with the embodied nature of technological progress, the im-
portant role of the R&D sector and the link between innovation and market
power (all elements that are present in the model introduced in the previous
work), an ICT economy can be characterized also by an important role of
human capital accumulation (for the reasons cited above).
The paper is organized as follows. Section 2 describes the model with the
different sectors that characterize the economy. Section 3 derives the equili-
brium conditions, the balanced growth path and the steady state system,
with the corresponding analytical results. Section 4 shows the results of
numerical simulations on a calibrated version of the model and derives the
main findings. Section 5 considers possible extensions of the model and
Section 6 concludes.
2 The model
The model has the same general structure of the one presented in the pre-
vious paper, in particular it is a multi-sectoral model written in discrete
time with infinite horizon, endogenous growth and horizontal differentiation.
Furthermore, technological progress is mainly embodied (new softwares need
new hardware to work efficiently) and the innovators have a market power
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represented by copyrights. The main differences with respect to the model
of the previous work are represented by the fact that human capital is em-
ployed as a production factor in the final good sector and in the intermediate
good sector, and by the fact that the representative household also invests
in human capital, by devoting a fraction of time to non-productive activities
(schooling). We now illustrate briefly the different sectors that characterize
the economy, with the corrisponding optimality conditions that arise from
the optimization problems solved by the agents in these sectors.
2.1 The final good sector
This sector produces the final good using efficient capital (bought from the
equipment sector) and human capital, according through a Cobb-Douglas
technology:
Yt = ztK
α
t H
1−α
Y,t α ∈ [0, 1] (1)
where zt represents total factor productivity, Kt is the physical capital and
HY,t is the human capital used in the final good sector. The stock of physical
capital is then defined as:
Kt =
tX
s=−∞
Es(1− δ)t−s (2)
where Es is the efficient capital bought from the equipment sector at time s
and δ is the physical depreciation rate (constant).
The discounted profits of investing Et in efficient capital are given by:
πt =
∞X
s=t
[Ys − wsHY,s]Rst − dtEt
whereRst is the discount factor at time s, ws is the wage at time s and dt is the
price of efficient capital at time t. The representative firm chooses efficient
capital and human capital in order to maximize its discounted profits taking
prices as given and subject to its technological constraints:
max
Et,{HY,s}∞
s=t
πt
s.t. (1), (2)
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and the first-order conditions lead to:
HY,t =
µ
(1− α) zt
wt
¶ 1
α
Kt (3)
that is the demand for human capital by the final good sector.
2.2 The equipment sector
This sector produces efficient capital (sold to the final good sector) using
physical capital (hardware) bought from the final good producers and im-
material capital (software) bought from the intermediate good producers.
Efficient capital is produced with a constant return to scale technology:
Et = etQ
λ
t I
1−λ
t λ ∈ (0, 1) (4)
where et is a productivity variable (that represents embodied technological
progress), It is physical capital (hardware) and Qt is immaterial capital (soft-
ware), that is built from a series of specialized intermediate goods (horizontal
differentiation):
Qt =
µZ nt
0
x
σ−1
σ
i,t di
¶ σ
σ−1
(5)
where nt is the number of varieties of intermediate input available in t, xi,t
is the quantity of intermediate input of variety i used in t and σ > 1 is the
elasticity of substitution between two varieties.
The profits of the equipment sector at time t are:
π0t = dtEt − It −
Z nt
0
pi,txi,tdi
where pi,t is the price of software of variety i at time t. The representative firm
chooses the investment in physical capital and in immaterial capital in order
to maximize profits taking prices as given and subject to its technological
constraints:
max
It,xi,t
π0t
s.t. (4), (5)
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and the first-order conditions lead to:
xi,t =
µ
φ
qt
¶σ
Qtp
−σ
i,t (6)
(where φ = λ
1−λ and qt =
Qt
It
) that is the demand for intermediate input i by
the equipment sector at time t.
2.3 The intermediate good sector
This sector produces immaterial capital (sold to the equipment sector) and
it researches for new varieties, in order to expand the range of software (hori-
zontal differentiation).
The variety i of software is produced according to a linear technology
that uses human capital as the only input:
xi,t = τ tHi,t (7)
where Hi,t is the human capital used in the intermediate good sector and τ t
represents productivity of human capital. The producer behaves monopolis-
tically (since market power is given by the presence of copyrights which have
an infinite lifetime) and its profit is:
π
00
i,t = pi,txi,t − wtHi,t =
µ
pi,t −
wt
τ t
¶
xi,t
The price of output is chosen so as to maximize this profit subject to the
demand formulated by the equipment sector, hence the problem solved by
the firm is:
max
pi,t
π
00
i,t
s.t. (6)
and the first-order condition leads to:
pi,t =
µ
σ
σ − 1
¶
wt
τ t
∀i ∈ [0, nt] (8)
i.e. the output price is a mark-up over unit human capital cost.
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2.4 The R&D sector
The intermediate good sector also researches for new varieties of immate-
rial capital, in order to expand their range. Assuming the “lab-equipment”
specification of R&D, according to which the cost to create a new variety
of software is equal to η units of Y , there will be entry of new firms in the
economy until this cost is equal to the discounted flow of profits linked to
one invention:
η =
∞X
z=t
Rztπ
00
i,z =
∞X
z=t
Rzt
1
σ − 1
wz
τ z
xi,z
that is the free-entry condition.
2.5 Household behavior
In this version of the model, the representative household consumes, saves for
future consumption, supplies human capital for productive activities and ac-
cumulates human capital by devoting a fraction of its time to non-productive
activities (schooling). The utility of the representative household at time 0
is:
u0 =
∞X
t=0
ρt lnCt
i.e. it is the discounted sum of instantaneous utilities from 0 to ∞, where ρ
is the psychological discount factor and the instantaneous utility function is
logarithmic. The budget constraint faced by the household is:
At = (1 + rt)At−1 + wtutHt−1 − Ct (9)
where At represents the assets held by the household at time t, Ht is the total
human capital and ut is the fraction of time devoted to productive activi-
ties. The accumulation of human capital is then described by the following
equation:
Ht = [1 + εt (1− ut)]Ht−1 (10)
where εt is the productivity of schooling and 1 − ut is the fraction of time
devoted to non-productive activities (schooling).
The problem solved by the representative household is then:
max
{Ct,ut,At,Ht}∞t=0
u0
s.t. (9), (10)
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and the first-order conditions lead to:
Ct+1
Ct
= (1 + rt+1)ρ (11)
wt+1
wt
=
1 + rt+1
1 + εt+1
· εt+1
εt
(12)
together with the corresponding transversality conditions.
3 The equilibrium
The equilibrium of the economy in the model considered is determined by
the equilibrium on the human capital market and on the final good market.
Equilibrium on the human capital market implies that human capital
used in productive activities is employed either in the final good sector or in
the intermediate good sector, i.e.:
HY,t +
Z nt
0
Hi,tdi = utHt−1 (13)
while equilibrium on the final good market implies that output is employed
for consumption, investment and research, i.e.:
Yt = Ct + It + η4 nt (14)
where η4 nt is the cost of research for new varieties.
3.1 The equilibrium conditions
The equilibrium conditions summarize the first order optimality conditions
and the market equilibrium relationships derived above.
In particular, the demand for human capital by the final good sector is
given by equation (3), while the demand for human capital by the intermedi-
ate good sector can be obtained from equations (6), (7) and (8) and is given
by: Z nt
0
Hi,tdi = nt
µ
σ − 1
σ
¶σ µ
φ
wt
¶σ
q1−σt Itτ
σ−1
t
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and therefore the equilibrium on the human capital market, given by equation
(13), is:µ
(1− α) zt
wt
¶ 1
α
Kt + nt
µ
σ − 1
σ
¶σ µ
φ
wt
¶σ
q1−σt Itτ
σ−1
t = utHt−1 (15)
The equilibrium on the final good market can be obtained from equations
(1), (3) and (14) and is:
z
1
α
t Kt
µ
1− α
wt
¶ 1−α
α
= Ct + It + η4 nt (16)
The law of motion for qt can be obtained substituting the expression (3)
in the first-order condition of the problem of the representative firm in the
final good sector, using the definition of Ks and replacing the value of dt
from the first-order condition of the problem of the representative firm in the
equipment sector, and is:
αz
1
α
t (1− λ)etqλt
µ
1− α
wt
¶ 1−α
α
= 1−
µ
1− δ
1 + rt+1
¶µ
et
et+1
¶µ
qt
qt+1
¶λ
(17)
while the law of motion for Ht is given by equation (10):
Ht = [1 + εt(1− ut)]Ht−1 (18)
The optimal consumption is then given by equation (11):
Ct+1
Ct
= (1 + rt+1)ρ (19)
and the optimal wage by equation (12):
wt+1
wt
=
1 + rt+1
1 + εt+1
· εt+1
εt
(20)
The accumulation rule of capital is obtained from equations (2) and (4)
and is:
Kt = (1− δ)Kt−1 + etqλt It (21)
while from equations (5), (6) and (8) it is possible to get:
wtqt
τ tφ
= n
1
σ−1
t
µ
σ − 1
σ
¶
(22)
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that links the embodied technological progress to the expansion in the vari-
eties of intermediate products.
Finally, the free-entry condition can be rewritten as:
η =
φσ
τ 1−σt (σ − 1)
1−σ
σσ
∞X
z=t
Rztw
1−σ
z q
1−σ
z Iz
and then:
ηRt+1t =
φσ
τ 1−σt (σ − 1)
1−σ
σσ
∞X
z=t+1
Rztw
1−σ
z q
1−σ
z Iz
The two expressions for t and t+ 1 are therefore:
τ 1−σt (σ − 1)
1−σ
σσ
φσ
η =
∞X
z=t
Rztw
1−σ
z q
1−σ
z Iz
τ 1−σt (σ − 1)
1−σ
σσ
φσ
ηRt+1t =
∞X
z=t+1
Rztw
1−σ
z q
1−σ
z Iz
and subtracting the second from the first:
τ 1−σt (σ − 1)
1−σ
σσ
φσ
· ηrt+1
1 + rt+1
= w1−σt q
1−σ
t It (23)
These results are summarized in the following Proposition:
Proposition 1 Given the initial conditions K−1 , H−1 and n−1 an equilib-
rium is a path:
{wt, qt, Ct, It,Kt, Ht, nt, ut, rt+1}t≥0
that satisfies the equations (15)− (23) shown above.
3.2 The balanced growth path
After the characterization of the equilibrium, the balanced growth path of
the model can be analyzed. In this case we assume that the variables:
zt, et, τ t, εt, rt, ut
are constant in the long term, while each endogenous variable grows at a
constant rate along a balanced growth path (hence, if x is the initial level
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of the variable x and gx is the growth factor of the same variable, we have
xt = xg
t
x). In particular, the growth factors we are interested in are:
gw, gq, gC , gI , gK , gH , gn
and since a balanced growth path must satisfy the equations (15)− (23), we
have the following nine restrictions among these growth factors (to obtain
them it is sufficient to rewrite the equilibrium equations substituting the
generic variable xt with the expression xgtx):
gK(gw)
− 1α =
gn
(gw)σ
(gq)
1−σ gI = gH (24)
gY = gC = gI = gn = gK(gw)
−1−αα (25)
(gq)
λ (gw)
−1−αα = 1 (26)
gH = [1 + ε (1− u)] (27)
gC = (1 + r)ρ (28)
gw =
1 + r
1 + ε
(29)
gK = (gq)
λ gI (30)
gwgq = g
1
σ−1
n (31)
(gw)
1−σ(gq)
1−σgI = 1 (32)
In correspondence of a balanced growth path, the various growth factors
must therefore satisfy the restrictions expressed by equations (24)−(32), and
using these restrictions in this case it is possible to determine explicitely the
different growth factors. In fact, first of all from (26) we have:
gw = (gq)
λα
1−α
From (31) we get:
gn = (gq)
(σ−1)(1−α+λα)
1−α = gY = gC = gI
From (30) we obtain:
gK = (gq)
λ+ (σ−1)(1−α+λα)
1−α
11
and the same result can be obtained from (25).
From (24) we have:
gH = (gq)
σ(1−α+λα)−1+α−2λα
1−α
while (32) is satisfied.
From (28) we then get:
r =
gC
ρ
− 1 = (gq)
(σ−1)(1−α+λα)
1−α
ρ
− 1
and finally from (29) we have:
(gq)
λα
1−α =
(gq)
(σ−1)(1−α+λα)
1−α
ρ (1 + ε)
that enables to obtain explicitely the value of gq:
gq = [ρ (1 + ε)]
1−α
σ(1−α+λα)−1+α−2λα
and then the values of the other growth factors as a function of the different
parameters of the model (α, λ, σ, ρ, ε), since the seven unknowns of the
problem (gw, gq, gY , gK , gH , r, u) are related by a system of seven equations
(the equations (24), (26), (27), (28), (29), (30), (31) while (25) and (32) are
redundant). Furthermore, from (27) we get (using the value of gH determined
from the value just found for gq, and that turns out to be gH = ρ (1 + ε)):
u = 1− gH − 1
ε
=
(1 + ε) (1− ρ)
ε
and since 0 < u < 1 this requires 1
1+ε
< ρ < 1.
The results obtained are expressed in the following Proposition:
Proposition 2 In the model considered with human capital accumulation,
the growth factors of the different variables are the following:
gY = gC = gI = gn = [ρ (1 + ε)]
1
ω4
gq = [ρ (1 + ε)]
ω1
ω2ω4
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gw = [ρ (1 + ε)]
1
ω2ω4
gK = [ρ (1 + ε)]
ω3
ω4
gH = ρ (1 + ε)
where:
ω1 =
1−α
λα
ω2 =
(σ−1)(1−α+λα)
λα
ω3 =
λ(1−α)
(σ−1)(1−α+λα) + 1 ω4 =
σ(1−α+λα)−1+α−2λα
(σ−1)(1−α+λα)
Furthermore, the optimal long run value of u (the fraction of time devoted to
productive activities) is given by:
u∗ =
(1 + ε) (1− ρ)
ε
and since 0 < u∗ < 1 this requires 1
1+ε
< ρ < 1.
From the results obtained it turns out that, in this case, along a balanced
growth path the growth factors of the different quantities depend only on
the parameters α,λ,σ, ρ, ε (i.e. technological and preference parameters).
In particular, the growth rate of production doesn’t depend neither on the
absolute dimension of the economy (i.e. its total human capital stock) nor
on the population growth (that is equal to zero), hence we don’t have any
scale effect, that is an important property of this model.
3.3 The stationarized dynamic system and the steady
state system
Even if the various growth factors can be determined explicitely, the equili-
brium system in terms of levels formed by equations (15)− (23) is undeter-
mined, in fact rewriting these equations by substituting the generic variable
xt with the expression xgtx we get 9 equations for 10 unknowns (w, q, C,
I, K, H, n, r, u, g). In order to find a solution is therefore necessary to
stationarize the system by means of some auxiliary variables. In particular,
the following stationary variables can be used:
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bqt = qtwω1t bCt = Ctwω2t bIt = Itwω2t bKt = Ktnω3t
bHt = Htnω4t bnt = ntwω2t gt = ntnt−1 rt ut
where ω1, ω2, ω3, ω4 are the expressions reported above. In this way it is
possible to get the stationarized dynamic system that corresponds to the
equations (15)− (23) and that is expressed by the following equations:
((1− α) zt)
1
α bKtbnω3−ω4t +µσ − 1σ
¶σ
φστσ−1t bn1−ω4t bq1−σt bIt = ut bHt−1g−ω4t
z
1
α
t
bKtbnω3t (1− α) 1−αα = bCt + bIt + ηbntµ1− 1gt
¶
αz
1
α
t (1− λ)etbqλt (1− α) 1−αα + 1− δ1 + rt+1
µ
et
et+1
¶µ bqtbqt+1
¶λµ bnt+1bntgt+1
¶ω3−1
= 1
bHtgω4t = [1 + εt (1− ut)] bHt−1bCt+1bCt · bntbnt+1gt+1 = (1 + rt+1)ρµ bntbnt+1gt+1
¶ 1
ω2
=
1 + rt+1
1 + εt+1
· εt+1
εtbKt − (1− δ) bKt−1g−ω3t = etbqλt bItbn−ω3tbqt
τ tφ
= bn 1σ−1t µσ − 1σ
¶
τ 1−σt (σ − 1)1−σσσ
φσ
· ηrt+1
1 + rt+1
= bq1−σt bIt
In the same way it is then possible to obtain the steady state system
corresponding to the stationarized one, defining the variables:
bq = q
wω1
bC = C
wω2
bI = I
wω2
bK = K
nω3
bH = H
nω4 bn = nwω2 g = gn r u
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and writing:
lim
t→+∞
zt = z lim
t→+∞
et = e lim
t→+∞
τ t = τ lim
t→+∞
εt = ε
The stationarized steady state system is now given by the following equa-
tions:
((1− α) z)
1
α bKbnω3−ω4 +µσ − 1
σ
¶σ
φστσ−1bn1−ω4bq1−σbI = u bHg−ω4 (33)
z
1
α bKbnω3 (1− α) 1−αα = bC + bI + ηbnµ1− 1
g
¶
(34)
αz
1
α (1− λ)ebqλ (1− α) 1−αα + 1− δ
1 + r
g1−ω3 = 1 (35)
gω4 = [1 + ε (1− u)] (36)
g = (1 + r)ρ (37)
g
1
ω2 =
1 + r
1 + ε
(38)
bK £1− (1− δ)g−ω3¤ bnω3 = ebqλbI (39)
τφ
µ
σ − 1
σ
¶bn 1σ−1 = bq (40)
τ 1−σ(σ − 1)1−σσσ
φσ
· ηr
1 + r
= bq1−σbI (41)
This is a system of 9 equations with 9 unknowns (bq, bC, bI, bK, bH, bn, g, r,
u) that can be solved explicitely. Indeed, first of all it is possible to obtain
functions expressing the long run levels (bq, bC, bI, bK, bH, bn, r, u) exclusively
in terms of g, then in this case it is also possible to get an explicit expression
for g (depending only on the parameters of the model).
First of all, from equation (37) we have:
r = Ψr(g) =
g
ρ
− 1
From (36) we then have:
u = Ψu(g) = 1−
gω4 − 1
ε
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while from (35) we get:
bq = Ψbq(g) = Ã 1− 1−δ1+Ψr(g)g1−ω3
αz
1
α (1− λ)e (1− α)
1−α
α
! 1
λ
From (40) we obtain:
bn = Ψbn(g) = µ τφ
Ψbq(g) ·
σ − 1
σ
¶1−σ
while from (41) we have:
bI = ΨbI(g) = τ 1−σ(σ − 1)1−σσσφσ · ηΨr(g)1 +Ψr(g) · 1(Ψbq(g))1−σ
and from (39) we get:
bK = Ψ bK(g) = e1− (1− δ)g−ω3 (Ψbq(g))λ ΨbI(g)(Ψbn(g))ω3
From (34) we have:
bC = Ψ bC(g) = z 1αΨ bK(g) (Ψbn(g))ω3 (1− α) 1−αα −ΨbI(g)− ηµ1− 1g
¶
Ψbn(g)
and finally from (33) we have:
bH = Ψ bH(g) = gω4u h((1− α) z) 1α Ψ bK(g) (Ψbn(g))ω3−ω4 +
+
µ
σ − 1
σ
¶σ
φστσ−1 (Ψbn(g))1−ω4 (Ψbq(g))1−σ ΨbI(g)
¸
At this point, combining equations (37) and (38) it is possible to obtain
explicitely the value of g:
g = [ρ (1 + ε)]
1
ω4 (42)
(as already found in the analysis of the balanced growth path), and therefore
all the long run levels can be expressed in terms of the parameters α, λ, σ,
ρ, ε.
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In conclusion, the results obtained are summarized in the following Propo-
sition:
Proposition 3 In the model considered with human capital accumulation,
there exist explicit functions expressing the long run levels bq, bC, bI, bK, bH, bn,
r, u exclusively in terms of g:
bq = Ψbq(g) bC = Ψ bC(g) bI = ΨbI(g) bK = Ψ bK(g)
bH = Ψ bH(g) bn = Ψbn(g) r = Ψr(g) u = Ψu(g)
with:
g = [ρ (1 + ε)]
1
ω4
From the analysis of the expressions Ψ()(g) it is possible to deduce the
effects of the different exogenous variables on the long run levels in the eco-
nomy. In particular, it turns out that the function Ψbq(g) depends on z, e and
ε and the functions Ψbn(g), ΨbI(g), Ψ bK(g), Ψ bC(g) and Ψ bH(g) depend on z, e,
τ and ε (the productivity variables in the different sectors). In addition, the
long run growth factor g is not affected by the productivity of the final good
sector, of the equipment sector and of the intermediate good sector, while
it is affected by the productivity of schooling, as expressed in the following
Proposition:
Proposition 4 Assuming that a solution for the steady state system exists,
the long run values of z, e and ε affect the stationary values bq, bn, bI, bK, bC
and bH and the long run value of τ affects the stationary values bn, bI, bK, bC
and bH. Furthermore z, e and τ have no impact on the long term growth
factor g, while ε affects it.
In conclusion, therefore, in this version of the model the true engine of
growth is represented by the accumulation of human capital, through the
schooling activity. Finally, in this case it is also possible to compute the
derivative dg
dσ
, that is given by:
dg
dσ
= [ρ (1 + ε)]
1
ω4 · log [ρ (1 + ε)] ·
µ
− λα (1− α+ λα)
[σ (1− α+ λα)− 1 + α− 2λα]2
¶
and is negative (since the first two factors are positive - in particular
log [ρ (1 + ε)] > 0 because ρ > 1
1+ε
and hence ρ (1 + ε) > 1 - while the
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third factor is negative). In this model there is therefore a negative relation
between the elasticity of substitution (that is also a measure of competiti-
vity) and the growth rate of the economy, and an increase in the monopoly
power (i.e. a reduction in σ) increases growth. Other papers, starting from
the assumption that the engine of growth is the continuous improvement of
the quality level of the existing goods, conclude that product market com-
petition is unambiguously good for growth. The present study shows that
this is no longer true when we consider an horizontal differentiation model
of endogenous growth where firms invent new varieties of intermediate goods
but, at the same time, the true engine of growth is represented by human
capital accumulation.
4 Simulation of the model
The model described above can then be simulated numerically in order to
study a number of issues of interest, concerning in particular the short run
behavior of the economy. First of all, this requires a calibration, and the
values of the different parameters are chosen in such a way that the model is
able to reproduce the most relevant empirical data that are available (with
reference to this aspect see also the previous work, Mattalia 2002). In par-
ticular, the values chosen for the different parameters are reported in the
following table:
Parameter Symbol V alue
Capital share in the final good sector α 0.35
Share of software in the production of efficient capital λ 0.85
Elasticity of substitution between varieties of sofwares σ 1.40
Rate of depreciation of physical capital δ 0.10
Psychological discount factor ρ 0.96
Total factor productivity in the final good sector z 3
Total factor productivity in the equipment sector e 12
Human capital productivity in the intermediate good sector τ 0.25
Productivity in the education sector ε 0.044
Cost of a new variety of software in units of output η 20
and with these parameters the steady state of the model leads to the following
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values for some relevant quantities:
Capital/output ratio 2.5
R&D expenditure in terms of GDP 3.5%
Interest rate 5%
Growth rate of output 1%
Starting from this benchmark situation, different types of simulations are
considered. In particular, first of all it is possible to study how the economy
reacts to shocks on the productivities of the different sectors (and to compare
the results with those of the model presented in the previous work, where
human capital accumulation was not present). A second aspect of interest
is the link between competitivity and growth; since analytically it has been
obtained an inverse relation in the long run between these two quantities,
it is important to study how this relation works in the short run and which
are the mechanisms that explain it. A third result is that it is possible to
show the presence of “imbalance effects” with reference to some variables
(in particular the ratio between physical and human capital, the ratio be-
tween physical capital and R&D expenditure and the ratio between human
capital and R&D expenditure): when the initial value of these variables is
different from the steady state value (in particular, lower) the growth rate of
the economy is higher than the rate we have in correspondence of the steady
state value of the variables considered. Finally, it is possible to consider some
extensions of the model, in particular introducing the notion of “broad out-
put”, different types of subsidies (on R&D, on the accumulation of physical
capital, on the accumulation of human capital) and a situation in which the
productivity of human capital is a function of technological progress. The
results in these cases are that imbalance effects are still present and that,
contrary to other types of subsidies, the introduction of subsidies on human
capital accumulation has (in the short run) a positive effect on growth.
4.1 Productivity shocks
The first aspect considered is represented by the effects of different shocks in
the productivity variables; all these shocks are permanent (from t = 0) and
have an intensity of 1%.
The first situation is an increase in z (the productivity of the final good
sector). From the analytical results derived above we know that this increase
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has no effect on long term growth, and in fact in the long run the growth
rates of output, physical capital and human capital don’t change with respect
to the initial situation. This is a central difference with respect to the model
(presented in the previous work) without human capital accumulation, where
an increase in z increases long term growth. The reason is that, like in that
model, the lab-equipment specification implies that the production function
in the R&D sector is the same as in the final good sector, so that an increase in
the productivity of the latter is equivalent to an increase in the productivity
of R&D; nevertheless, this is no longer the engine of growth of the model
(that is now represented by the accumulation of human capital), and hence
an increase in its productivity doesn’t have long run effects on growth.
With reference to the short run, there is initially an increase in the hu-
man capital fraction employed in education and a consequent reduction in
the fraction employed in production (where the increase in the productivity
of the final good sector reduces the cost of production of the final good and
determines a reallocation of human capital favorable to the final good sector
and at the expenses of the intermediate good sector). As a consequence,
initially there is an increase in the growth rate of human capital (because
of the increase in the human capital fraction employed in education) and a
decrease in the growth rate of output (because human capital accumulation
influences growth with a lag, since education requires time before producing
its effects on the economy). After some time, then, the situation reverses,
the human capital fraction in education and the consequent growth of hu-
man capital reduce, while the growth rate of output increases (because the
previous accumulation of human capital produces its effects) and returns to
its initial level.
The same type of dynamics arise when we consider, instead of an increase
in z, a decrease in η (the cost of a new variety of software). Indeed, a re-
duction in this cost (that is expressed in terms of output, as a consequence
of the lab-equipment assumption) is analogous to an increase in the produc-
tivity of the final good sector, and this explains why the results obtained are
essentially of the same kind.
The second situation analyzed is an increase in e (the productivity of the
equipment sector). Also this kind of shock has no long run effect, because an
increase in the productivity of the equipment sector increases the production
of efficient capital and therefore of the final good, that corresponds (as a
consequence of the lab-equipment assumption) to an expansion in the R&D
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sector, but since this is no longer the engine of growth of the model there is
no effect on long term growth.
With reference to the short run behavior of the different quantities, in this
case initially there is an increase in the human capital fraction employed in
education and a consequent decrease in the fraction employed in production
(where the increase in the profitability of producing efficient capital and of
the production of sofwares determines a rise in the human capital fraction
employed in the intermediate good sector, at the expenses of the fraction
employed in the final good sector). In this situation the growth of output
initially slightly decreases and then increases, then the situation partially
reverses, the human capital fraction in education decreases and the growth
rate of output returns to its initial level.
The same kind of dynamics can be obtained considering an increase in τ
(the productivity of the intermediate good sector). In fact, this rise reduces
the cost of softwares and increases their production, originating the same
type of behavior observed in the case of an increase in e.
The third situation studied is an increase in ε (the productivity of school-
ing). In this case, contrary to the previous kind of shocks, there are long run
effects on growth, since the accumulation of human capital through educa-
tion is the true engine of growth of this model. In particular, the rise in the
productivity of schooling initially determines a decrease in the human capital
fraction employed in education and a consequent increase in the fraction em-
ployed in production (where the fraction of human capital in the final good
sector increases, at the expenses of the fraction employed in the intermediate
good sector). This originates an increase in the growth rate of output (ini-
tially very strong, and that then partially reduces), so that the final result is
a permanent positive effect on the growth of the economy (more precisely, as
a consequence of a 1% increase in the productivity of schooling the growth
rate of output increases from 1.04% to 1.24%).
4.2 Competitivity and growth
The second aspect considered trough the simulations is represented by the
link between competitivity and growth as a consequence of the presence of
human capital accumulation. This can be analyzed examining the effects of
an increase in σ, that is the elasticity of substitution between varieties of
softwares and that can be seen as a measure of competitivity in the economy.
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In this case there is a long run effect on the economy, represented (as shown
analytically) by a reduction in the growth rate of output. More precisely, the
increase in σ initially determines a reduction in the human capital fraction
employed in education and a consequent rise in the fraction employed in
production, where in particular there is a reallocation of human capital from
the final good sector to the intermediate good sector. The intuition is that
an increase in the degree of competition of the intermediate sector increases
the output of this sector and its demand of human capital. At the same
time a reduction in the mark-up rate (that is inversely related to σ) makes it
more profitable for the final good producers to substitute capital goods for
human capital, and this causes the reallocation of human capital between
these two sectors. These movements, together with the reduction in the
human capital employed in education, determine the fall in the growth of
output with respect to the initial situation (more precisely, as a consequence
of a 1% increase in the elasticity of substitution between varieties of softwares
the growth rate of output decreases from 1.04% to 0.93%). On the contrary, a
reduction in σ (and hence an increase in the monopoly power), has a positive
effect on the growth of the economy.
As observed above, this is an important difference with respect to other
studies that assume the continuous improvement of the quality level of goods
as the engine of growth, and conclude that product market competition has
a positive effect on the economy. In the present analysis we have that this is
no longer true if we consider a model of endogenous growth with horizontal
differentiation, where firms invent new varieties of intermediate goods but,
at the same time, the engine of growth is represented by human capital
accumulation. In this case, in fact, the relation between competition and
growth reverses.
4.3 Imbalance effects
The third aspect considered is the study of “imbalance effects” with refe-
rence to some variables. The typical imbalance emerges considering the
relationship between the growth rate of output and the ratio K
H
(physi-
cal capital/human capital), and a deep analysis of this topic in endogenous
growth models is presented in Barro and Sala-i-Martin (1995). The cen-
tral idea is that when the value of the ratio K
H
is different from the steady
state value (in particular, when it is lower), the growth rate of the economy is
higher than the rate we have in correspondence of the steady state value of K
H
.
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Considering first of all a one-sector model in which physical and human
capital are produced by identical production functions, this setup implies
a particular steady state value for the ratio K
H
, and if the initial value of
this ratio is different from the steady state one there are adjustments in the
two stocks until the steady state value is attained. In this case, imposing the
restriction according to which gross investment in physical and human capital
cannot be negative (because this would not be realistic) it is possible to
obtain interesting results concerning the effects on growth due to imbalances
between the levels of physical and human capital.
In particular, if the economy starts from a situation in which human
capital H is initially abundant relative to physical capital K, so that the
ratio K
H
is below its steady state value, then the agents realize that they have
too much H in relation to K, and since it is not feasible to have negative
gross investment inH, they don’t invest inH and they allowH to depreciate.
At this point the growth rates of K and Y decline monotonically over time
(as in the standard neoclassical growth model), and since H declines (at the
depreciation rate) and K increases (at a decreasing rate) the ratio K
H
rises
over time. These results imply that the growth rate of output is inversely
related to the ratio K
H
when this ratio is below its steady state value, and this
relation is called “imbalance effect”, since the greater the imbalance (that is
the further K
H
is below its steady state value) the higher the growth rate.
The results are analogous if the economy begins with a relative abundance
of physical capital, so that the ratio K
H
is above its steady state value, and in
this case the agents don’t invest in K and they allow K to depreciate. The
setup is again equivalent to the standard neoclassical growth model, therefore
the growth rates of H and Y decline monotonically over time, and since K
declines (at the depreciation rate) and H increases (at a decreasing rate) the
ratio K
H
falls over time. These results imply that the growth rate of output
is positively related to the ratio K
H
when this ratio is above its steady state
value, therefore there is again an “imbalance effect”, since the greater the
imbalance (that is the further K
H
is above its steady state value) the higher
the growth rate.
The result of this analysis is that the relation between the growth rate
of output and the ratio K
H
follows a U-shaped function; the minimal growth
rate corresponds to the steady state ratio of K
H
, and on either side of the
steady state the growth rate rises symmetrically with the magnitude of the
gap between K
H
and its steady state value. According to the theory, therefore,
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a reduction of physical capital (Barro and Sala-i-Martin give the example of
a war that destroys K but not H) has the same effect on the growth rate of
a reduction of human capital (due for instance to an epidemic that destroys
H but not K).
In reality, it is most plausible that an increase in K
H
above its steady state
value has only a small positive effect on the growth rate, lower than the cor-
responding effect due to a decrease in K
H
below its steady state value, and
therefore it is possible to consider an extension of the theory that leads to
asymmetric effects from K
H
below or above its steady state value. In particu-
lar, it is possible to introduce adjustment costs for capital accumulation, that
can be assumed to be greater for H than for K; in this case a relative abun-
dance of H would lead to substantial investment in K and, as a consequence,
to a high growth rate of output, but a relative abundance of K would have
a much smaller effect on investment in H and, hence, on the growth rate of
output. If this is true, the relation between the growth rate of output and the
ratio K
H
still follows a U-shaped function, but (since the adjustment costs for
changing human capital are greater than those for changing physical capital)
the sensitivity of the growth rate to K
H
is larger when this ratio is below its
steady state value than when it is above its steady state value. This model
therefore predicts that an economy would recover much faster from a war
that destroyed mainly K than from an epidemic that destroyed mainly H.
The same result can be obtained considering a two-sector model in which
physical and human capital are produced by different technologies, assuming
also that education (i.e. the production of new human capital) is relatively
intensive in human capital as an input (because the assumption made in the
first model that physical goods and education are generated by the same
production functions neglected a key aspect of education, i.e. the fact that
it relies heavily on educated people as an input). This modification of the
production structure creates an asymmetry in the effects on the growth rate
that derive from imbalances between physical and human capital, so that the
growth rate rises with one type of imbalance and falls with the other type
in the neighborhood of the steady state. In particular, the result is that the
growth rate of output still increases with the magnitude of the imbalance
between K and H if human capital is relatively abundant, but tends to fall
(or to increase more slowly) with the magnitude of the imbalance if human
capital is relatively scarce. This result is due to the assumption that the
education sector is relatively intensive in human capital; in this case, if the
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ratio K
H
is higher than its steady state value, then the marginal product of
human capital in the goods sector is high, and growth occurs mainly because
of the high growth rate of human capital (indeed this rate is increasing in
K
H
). The high level of K
H
implies however a high wage rate and therefore a
high cost of operation for the sector of education which is relatively intensive
in human capital. This motivates people to allocate human capital to the
production of goods rather than to education and this effect tends to retard
the growth rate of the economy.
In conclusion, considering a one-sector model in which physical and hu-
man capital are produced by the same technology, the growth rate of output
rises with the magnitude of the gap between the ratio K
H
and its steady state
value, generating an “imbalance effect” that is symmetric (i.e. higher growth
rates of output emerge if either K or H is in relatively short supply), so
that shortfalls of human capital will have approximately the same effects on
growth as shortfalls of physical capital (which is not realistic). Considering a
more realistic two-sector model in which physical and human capital are pro-
duced by different technologies (with the production of human capital that is
relatively intensive in human capital), the conclusions about the imbalance
effect change, since the growth rate of output now tends to rise with the
magnitude of the imbalance between the ratio K
H
and its steady state value
if human capital is relatively abundant, but tends to decline (or to rise more
slowly) with the magnitude of the imbalance if human capital is relatively
scarce.
The model presented in this paper is a multi-sectoral model with human
capital, hence these latter conclusions should apply to it. To verify this point,
it is possible to use the data obtained from the simulations presented above
to derive, first of all, the relationship between the growth factor of output gY
and the ratio between physical and human capital K
H
; the results are reported
in the following graphic:
1.0104
1.0106
1.0108
gy
2.882 2.8822 2.8824 2.8826k/h
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From this picture the presence of an imbalance effect is confirmed, and it
turns out that (as the theory predicts) the growth factor (and therefore the
growth rate) of output rises with the magnitude of the imbalance when the
ratio K
H
is below its steady state value (here this steady state value is 2.8824,
that corresponds to the minimal growth rate of output), while it rises more
slowly with the magnitude of the imbalance when the ratio K
H
is above its
steady state value.
A similar result holds with reference to the relation between the growth
factor of output gY and the ratio between physical capital and R&D expen-
diture K
RD
, in fact in this case we have:
.01046
.01048
1.0105
gy
85.75 85.8k/rd
and again there is an asymmetric imbalance effect, with the growth rate of
output that rises with the magnitude of the imbalance only when the ratio
K
RD
is lower than its steady state value.
The same kind of result, finally, can be obtained considering the relation
between the growth factor of output gY and the ratio between human capital
and R&D expenditure H
RD
, in fact in this situation we obtain:
.01046
.01047
gy
29.76 29.77h/rd
and also in this case there is an (asymmetric) imbalance effect.
These results have some implications, for instance considering the situa-
tion of underdeveloped countries. These countries are characterized by the
presence of low levels of human capital and of R&D expenditures, hence the
ratios K
H
and K
RD
are high. According to the results obtained, the correspond-
ing growth rates of output are lower than the values that would prevail if the
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same ratios were smaller, hence these countries will grow at lower rates than
countries starting from higher levels of human capital and of R&D expendi-
tures, and they will not be able to reach the latter.
5 Extensions of the model
5.1 The notion of broad output
The last aspect of the analysis consists in considering some extensions of
the model introduced above, in order to verify how the basic results ob-
tained change as a consequence of these modifications. The first extension is
represented by the introduction of the notion of “broad output”, a concept
used by Barro and Sala-i-Martin (1995) in their analysis of imbalance effects.
Indeed, measured output can be broadened to include gross investment in
human capital multiplied by an appropriate shadow price of human capital.
Broad output is therefore defined as the sum of narrow output and the value
in units of goods of the gross investment in human capital, i.e.:
Qt = Yt + wt (Ht −Ht−1)
where Qt is broad output, Yt is narrow output, wt represents the price of
human capital in terms of output and (Ht −Ht−1) is the investment in hu-
man capital. This represents a new equilibrium equation of the model, and
rewriting it along a balanced growth path we obtain the following further
restriction that must hold among the various growth factors:
gQ = gY = gwgH
where gQ represents the long-run growth factor of broad output, that there-
fore equals the long-run growth factor of narrow output.
It is then possible to introduce the stationarized dynamic equation cor-
responding to the original equilibrium equation written above, getting:
bQt = bYt + bnω4t bHtµ1− 1gH
¶
where bYt = Ytwω2t and bQt = Qtwω2t . In the same way the stationarized steady
state equation corresponding to the original one can be obtained, and is given
by: bQ = bY + bnω4 bH µ1− 1
gH
¶
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where bY = Y
wω2 and
bQ = Q
wω2 . At this point it is possible to perform the
simulations of the model considering also the new equilibrium equation, and
the results of these simulations can be used to derive the relationship between
the growth factor of broad output gQ and the ratio between physical and
human capital K
H
; the results are reported in the following graphic:
1.0104
1.0106
gq
2.882 2.8825k/h
From this picture we have that the growth factor of broad output tends to be
a monotonically decreasing function of the ratio between physical and human
capital (exactly as obtained by Barro and Sala-i-Martin, 1995). When the
ratio K
H
is below its steady state value the growth rate of broad output rises
with the magnitude of the imbalance, while when this ratio is above its steady
state value the growth rate of broad output declines with the magnitude of
the imbalance. Also when we introduce the notion of broad output, therefore,
an asymmetric imbalance effect is present in the model.
5.2 The introduction of subsidies
A second extension of the model that can be considered is the introduction of
different types of subsidies. In particular, it is possible to consider subsidies
on R&D, on physical capital accumulation or on human capital accumulation.
The first possibility is the introduction of a subsidy on R&D, so that the
cost of research becomes η
¡
1− βR,t
¢
where βR,t is the subsidy rate on R&D.
In this case the equations that change in the basic structure of the model are
the free-entry condition, that becomes:
η
¡
1− βR,t
¢
=
∞X
z=t
Rzt
1
σ − 1
wz
τ z
xi,z
and the equilibrium on the final good market, that becomes:
Yt = Ct + It + η
¡
1− βR,t
¢4 nt
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As a consequence, the equilibrium equations (16) and (23) are substituted
by the equations:
z
1
α
t Kt
µ
1− α
wt
¶ 1−α
α
= Ct + It + η
¡
1− βR,t
¢4 nt (43)
τ 1−σt (σ − 1)
1−σ
σσ
φσ
· η
¡
1− βR,t
¢
rt+1
1 + rt+1
= w1−σt q
1−σ
t It (44)
Rewriting these equations along a balanced growth path it is possible to
obtain the corresponding restrictions that must hold for the growth factors,
and that are:
gC = gI = gn = gK(gw)
− 1−αα
(gw)
1−σ(gq)
1−σgI = 1
i.e. they are the same restrictions (expressed by equations (25) and (32)
above) that hold in absence of subsidies on R&D. The presence of these
subsidies, therefore, doesn’t have long run effects.
The equations of the stazionarized dynamic system that change are the
second and the last one, that now become:
z
1
α
t
bKtbnω3t (1− α) 1−αα = bCt + bIt + η ¡1− βR,t¢ bntµ1− 1gt
¶
τ 1−σt (σ − 1)1−σσσ
φσ
· η
¡
1− βR,t
¢
rt+1
1 + rt+1
= bq1−σt bIt
and, similarly, the equations of the stationarized steady state system that
change are equations (34) and (41), that are substituted by the equations:
z
1
α bKbnω3 (1− α) 1−αα = bC + bI + η (1− βR) bnµ1− 1g
¶
(45)
τ 1−σ(σ − 1)1−σσσ
φσ
· η (1− βR) r
1 + r
= bq1−σbI (46)
Finally, the long run levels that change are bI and bC, that now become:
bI = ΨbI(g) = τ 1−σ(σ − 1)1−σσσφσ · η (1− βR)Ψr(g)1 +Ψr(g) · 1(Ψbq(g))1−σ
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bC = Ψ bC(g) = z 1αΨ bK(g) (Ψbn(g))ω3 (1− α) 1−αα −ΨbI(g)−η (1− βR)µ1− 1g
¶
Ψbn(g)
These expressions can be used to perform new simulations, and the main
result that can be obtained from these simulations is that, also in the short
run, the growth rates of the various quantities don’t change with respect to
the basic model considered above. In conclusion, therefore, the introduction
of subsidies on R&D doesn’t have significative effects on growth, neither in
the long run nor in the short run.
The second possibility is the introduction of a subsidy on physical capi-
tal accumulation, so that the price of physical capital becomes dt
¡
1− βK,t
¢
where βK,t is the subsidy rate on physical capital accumulation. In this case
the only equation that changes in the basic structure of the model is the one
that gives the profit of the final good producer, that becomes:
πt =
∞X
s=t
[Ys − wsHY,s]Rst − dt
¡
1− βK,t
¢
Et
but then the price of physical capital doesn’t appear explicitely in the equi-
librium conditions, that therefore don’t change with respect to the basic
model. In conclusion, therefore, also a subsidy on physical capital accumu-
lation doesn’t have any effect on growth, neither in the long run nor in the
short run.
The third possibility is the introduction of a subsidy on human capital
accumulation, so that the price of human capital becomes wt
¡
1− βH,t
¢
where
βH,t is the subsidy rate on human capital accumulation. In this case the
equations that change in the basic structure of the model are the demand of
human capital by the final good sector, that becomes:
HY,t =
Ã
(1− α) zt
wt
¡
1− βH,t
¢! 1α Kt
the price of intermediate input i, that becomes:
pi,t =
µ
σ
σ − 1
¶
wt
¡
1− βH,t
¢
τ t
∀i ∈ [0, nt]
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and the free-entry condition, that becomes:
η =
∞X
z=t
Rzt
1
σ − 1
wz
¡
1− βH,z
¢
τ z
xi,z
As a consequence, the equilibrium conditions expressed by equations (15),
(16), (17), (22) and (23) are substituted by the following equations:Ã
(1− α) zt
wt
¡
1− βH,t
¢! 1α Kt+ntµσ − 1
σ
¶σÃ
φ
wt
¡
1− βH,t
¢!σ q1−σt Itτσ−1t = utHt−1
(47)
z
1
α
t Kt
Ã
1− α
wt
¡
1− βH,t
¢!1−αα = Ct + It + η4 nt (48)
αz
1
α
t (1− λ)etqλt
Ã
1− α
wt
¡
1− βH,t
¢! 1−αα = 1−µ 1− δ
1 + rt+1
¶µ
et
et+1
¶µ
qt
qt+1
¶λ
(49)
wt
¡
1− βH,t
¢
qt
τ tφ
= n
1
σ−1
t
µ
σ − 1
σ
¶
(50)
τ 1−σt (σ − 1)
1−σ
σσ
φσ
· ηrt+1
1 + rt+1
=
¡
wt
¡
1− βH,t
¢¢1−σ
q1−σt It (51)
Rewriting these equations along a balanced growth path we get the restric-
tions that must hold for the various growth factors; these relations are the
same that hold in absence of subsidies on human capital accumulation, hence
it is possible to conclude that the presence of these subsidies doesn’t have
long run effects.
At this point, the equations of the stationarized dynamic system that
change are the first three and the last two, that are replaced by:µ
(1− α) zt
1− βH,t
¶ 1
α bKtbnω3−ω4t +µσ − 1
σ
¶σ µ
φ
1− βH,t
¶σ
τσ−1t bn1−ω4t bq1−σt bIt = ut bHt−1g−ω4t
z
1
α
t
bKtbnω3t µ 1− α1− βH,t
¶ 1−α
α
= bCt + bIt + ηbntµ1− 1
gt
¶
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αz
1
α
t (1−λ)etbqλt µ 1− α1− βH,t
¶1−α
α
+
1− δ
1 + rt+1
µ
et
et+1
¶µ bqtbqt+1
¶λµ bnt+1bntgt+1
¶ω3−1
= 1¡
1− βH,t
¢ bqt
τ tφ
= bn 1σ−1t µσ − 1
σ
¶
τ 1−σt (σ − 1)1−σσσ
φσ
· ηrt+1
1 + rt+1
=
¡
1− βH,t
¢1−σ bq1−σt bIt
Similarly, the equations of the stationarized steady state system that change
are equations (33), (34), (35), (40) and (41) that are substituted by the
equations:µ
(1− α) z
1− βH
¶ 1
α bKbnω3−ω4 +µσ − 1
σ
¶σ µ
φ
1− βH
¶σ
τσ−1bn1−ω4bq1−σbI = u bHg−ω4
(52)
z
1
α bKbnω3 µ 1− α
1− βH
¶1−α
α
= bC + bI + ηbnµ1− 1
g
¶
(53)
αz
1
α (1− λ)ebqλµ 1− α
1− βH
¶ 1−α
α
+
1− δ
1 + r
g1−ω3 = 1 (54)
τφ
µ
σ − 1
σ
¶bn 1σ−1 = (1− βH) bq (55)
τ 1−σ(σ − 1)1−σσσ
φσ
· ηr
1 + r
= (1− βH)
1−σ bq1−σbI (56)
Finally, the long run levels that change are:
bq = Ψbq(g) =


1− 1−δ
1+Ψr(g)g
1−ω3
αz
1
α (1− λ)e
³
1−α
1−βH
´ 1−α
α


1
λ
bn = Ψbn(g) = µ τφ
(1− βH)Ψbq(g) ·
σ − 1
σ
¶1−σ
bI = ΨbI(g) = τ 1−σ(σ − 1)1−σσσφσ · ηΨr(g)1 +Ψr(g) · 1(1− βH)1−σ (Ψbq(g))1−σ
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bC = Ψ bC(g) = z 1αΨ bK(g) (Ψbn(g))ω3 µ 1− α1− βH
¶1−α
α
−ΨbI(g)− η
µ
1− 1
g
¶
Ψbn(g)
bH = Ψ bH(g) = gω4u
"µ
(1− α) z
1− βH
¶ 1
α
Ψ bK(g) (Ψbn(g))ω3−ω4 +
+
µ
σ − 1
σ
¶σ µ
φ
1− βH
¶σ
τσ−1 (Ψbn(g))1−ω4 (Ψbq(g))1−σ ΨbI(g)
¸
These expressions can be used to perform new simulations, and in this case
the main result that emerges from these simulations is that, in the short run,
the growth rate of output rises with respect to the basic model. In conclusion,
therefore, the introduction of subsidies on human capital accumulation (that,
in this model, is the true engine of growth) has a positive effect, in the short
run, on the growth of the economy.
5.3 Human capital and technological progress
The last extension of the model that can be studied considers the productivity
of human capital (i.e. of schooling) as a function of technological progress, in
order to have a link between human capital accumulation and technological
progress, that is typical of ICT (since new technologies can allow people to
be more educated). In particular, the productivity of schooling εt can be
considered as a function of gt = ntnt−1 (the growth factor of the number of
varieties of software), so that we have εt = ε (gt). For instance, it is possible
to assume the following functional form:
εt = ε (gt) = a− e−bgt a > 1, b > 0
where ε is increasing, concave and bounded.
With this new assumption, the equilibrium conditions are expressed by
equations (15)− (23) with the following changes in equations (18) and (20):
Ht =
£
1 +
¡
a− e−bgt
¢
(1− ut)
¤
Ht−1 (57)
wt+1
wt
=
1 + rt+1
1 + a− e−bgt+1 ·
a− e−bgt+1
a− e−bgt (58)
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From these equations, then, we get the following restrictions that must
hold along a balanced growth path (together with the other relations among
the various growth factors expressed by equations (24) − (32), with the ex-
ception of (27) and (29) that are replaced by the new relations):
gH =
£
1 +
¡
a− e−bgn
¢
(1− u)
¤
(59)
gw =
1 + r
1 + a− e−bgn (60)
At this point, using these restrictions it is possible to obtain the different
growth factors as functions of gq (exactly as in the original version of the
model), and from (60) we have (substituting the values found for the different
variables in terms of gq):
(gq)
λα
1−α =
(gq)
(σ−1)(1−α+λα)
1−α
ρ
µ
1 + a− e−b(gq)
(σ−1)(1−α+λα)
1−α
¶ (61)
from which it is possible to get (in this case numerically, and not analitycally
as before) the value of gq. From (59) we then have:
u = 1− gH − 1
a− e−bgn = 1−
(gq)
σ(1−α+λα)−1+α−2λα
1−α − 1
a− e−b(gq)
(σ−1)(1−α+λα)
1−α
and it is possible to restate Proposition 2, in which now all the growth factors
and the value of u are expressed in terms of gq (for instance gY = (gq)
ω2
ω1 and
so on), whose value is the solution of equation (61).
The stationarized dynamic system is then expressed by the same equa-
tions of the original version of the model with the following changes in the
fourth and in the sixth equation:bHtgω4t = £1 + ¡a− e−bgt¢ (1− ut)¤ bHt−1µ bntbnt+1gt+1
¶ 1
ω2
=
1 + rt+1
1 + a− e−bgt+1 ·
a− e−bgt+1
a− e−bgt
and the corresponding steady state system is expressed by equations
(33)− (41) with the following changes in equations (36) and (38):
gω4 =
£
1 +
¡
a− e−bg
¢
(1− u)
¤
(62)
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g
1
ω2 =
1 + r
1 + a− e−bg (63)
Proceeding as in the original version of the model the values of the different
variables can now be obtained. The only differences that emerge concern the
value of u, that from equation (62) turns out to be:
u = Ψu(g) = 1−
gω4 − 1
a− e−bg
and the relation that must be satisfied by g, that from equations (37) and
(63) is now given by:
g
1
ω2 =
g
ρ (1 + a− e−bg) (64)
This relation allows to get (numerically, and not analytically as in the original
version of the model) the value of g, from which all the long run levels can
then be obtained. It is therefore possible to restate Proposition 3, in which
all the long run levels are expressed in terms of g, whose value is the solution
of equation (64).
With reference to this last equation, it is important to guarantee existence
(and uniqueness) of its solution. In order to show this, first of all the equation
can be written in the form:
g
1
ω2 ρ
¡
1 + a− e−bg
¢
= g
At this point, to prove that the equation is satisfied for a (unique) value of
g > 0 (while it is clearly satisfied for g = 0, that is not interesting) it is
possible to consider separately the left hand side and the right hand side:
l(g) = g
1
ω2 ρ
¡
1 + a− e−bg
¢
r(g) = g
The derivative of the left hand side is:
l0(g) =
1
ω2
g
1
ω2
−1
ρ
¡
1 + a− e−bg
¢
+ g
1
ω2 ρbe−bg
for which we have (if ω2 > 1, so that 1ω2 < 1, that is the case we have when
the parameter values are those assumed above):
lim
g→0+
l0(g) = +∞ lim
g→+∞
l0(g) = 0 l0(g) > 0 ∀g > 0
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while the derivative of the right hand side is:
r0(g) = 1
As a consequence, the functions l(g) and r(g) coincide for g = 0 (that is a
solution, even if not interesting, of the equation considered), then the function
l(g) (that is strictly increasing for g > 0) initially is steeper than the function
r(g) (which has a constant slope) and then it becomes flatter, and therefore
the two functions coincide again for a (unique) value of g > 0. This means
that the solution (for g > 0) of equation (64) exists and is unique.
The last aspect that can be considered is represented by the numerical
simulation of the model when this specification for the productivity of school-
ing is assumed. Considering for instance the values a = 1.037 and b = 0.007
for the new parameters a and b that appear in this specification, the equation
(64) is satisfied for g = 1.01105 (other values of a and b can be considered,
but the results of the simulations do not change in a substantial way). At
this point it is possible to perform the simulations of the model for these
parameter values (together with the values considered in Section 4 for the
other parameters), and the results can be used in particular to derive the
relationships between the growth factor of output gY and the ratios KH ,
K
RD
and H
RD
. Considering first of all the relationship between the growth factor
of output and the ratio between physical and human capital in this case we
get:
1.011
1.0115
gy
2.98 3k/h
while considering the relationship between the growth factor of output and
the ratio between physical capital and R&D expenditure we have:
1
gy
200k/rd
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and similarly considering the relationship between the growth factor of out-
put and the ratio between human capital and R&D expenditure we obtain:
1
gy
50h/rd
From these graphics it emerges that the imbalance effects continue to be
present also in this version of the model (especially with reference to the
behavior of the growth factor of output in relation to the ratio between
physical and human capital, where the imbalance is particularly evident),
and they are asymmetric, since the growth rate of output is higher when the
ratio considered is below its steady state value, while it declines when this
ratio is above its steady state value.
6 Conclusions
This paper has proposed a multi-sectoral endogenous growth model that re-
produces an ICT-based economy considering R&D activity with horizontal
differentiation and human capital accumulation, in order to take into ac-
count the crucial role of the latter when new technologies are present. In
this context, several results can be obtained, both analytically and through
simulations. In particular, first of all the model doen’t display any scale ef-
fect (since the long run growth rate of output doesn’t depend neither on the
absolute dimension of the economy nor on the population growth). A second
result is represented by the fact that the productivity of schooling affects the
long run growth of the economy, while the productivities of the other sectors
don’t have these effects, hence in this case human capital accumulation is
the true engine of growth. A third result is that, in the model considered,
there is a positive relationship beween market power and growth, contrary to
other models of endogenous growth with horizontal differentiation but with-
out human capital accumulation. Finally, imbalance effects with reference to
some variables arise (in particular concerning the relationship between the
growth rate of output on the one hand and the ratio physical capital/human
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capital, or physical capital/R&D expenditure, or human capital/R&D ex-
penditure on the other hand), and this has important implications for the
growth process. In the last part some extensions have been considered, in
particular through the introduction of the notion of broad output, of dif-
ferent types of subsidies and of a link between human capital accumulation
and technological progress. The results obtained show that imbalance effects
arise also when the more general notion of broad output is considered or
when a link between human capital and technological progress is assumed,
and that the presence of subsidies on human capital accumulation has, in the
short run, positive effects on the growth of the economy.
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